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1. Historical Review

& Prof. P.L. Hsu was my supervisor of my graduate thesis
during 1962-1963.

¢ Hsu organized a seminar once a week and asked us (nine
students) to report the contents of the book " 4% 9 3R 69 4 k4
" section by section.
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1. Historical Review
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1. Historical Review
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1. Historical Review
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1. Historical Review: The Hsu's formula (#F KA X))

Hsu found the following formula in deriving the Wishart

distribution:
Hsu's Formula: Let X be an n x p matrix and V be a upper

triangular matrix of order p, then

p

7P/2 .
/f(XTX)dX: ?p(njz)/,) (J[vif(vTv)dv (1)
p P =1

where D, is the set of upper triangular matrices with positive
diagonal elemets and ,(n/2) = 7P(P~D/2TTP_ T((n—i+1)/2).
{ This formula reduces the integral dimension from np to

p(p+1)/2.
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1. Historical Review: The Hsu's formula (#F KA X))

When p =1 formula (1) reduces

7.‘.n/2 00

[ rxTax =T [y ey, (2)
r(3) Jo
& It reduces thee integral from n dimension to one
dimension. These two formulas have played an important role in
development of theory of spherical distributions and generalized
multivariate analysis.

[1] Zhang, Y. T. and Fang, K. T. (1982, 1999, 2003), An
Introduction to Multivariate Analysis, Science Press, Beijing.
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2. Hus's Philosophy to My Work

2.1. Stochastic representation method

{> Prof. Hsu told us that there are three main methods in
statistics study:

analytic method including using mathematical analysis,
characteristic function, moment generating function, and so on;

algebraic method including using matrix analysis,
transformation Jacobian, group theory, and so on; and

probability method. The probability method in general is the
best if it can be applied. Here, the probability method is
“Stochastic representation method” (SRM). It directly deals with
the random variables instead of treating their distribution
functions, density functions, or characteristic functions.

& | has been benefit from his advice in my research in
several areas.
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2. Hsu's Philosophy to My Work

2.1. Stochastic representation method

{ The symbol X 2 Y means that two random variables X
and Y have the same distribution.

¢ Suppose that X is a random variable of interest and we
want to drive its distribution and moments. If we can find
Y1,..., Yn such that

XL g(Yy,...,Y), (3)

that is called as a stochastic representation of X.
& For given X it may have many its stochastic
representations.
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2. Hsu's Philosophy to My Work

2.1. Stochastic representation method
Example 1: The mean of X ~ x?2, the chi-square distribution
with n degrees of freedom, can be directly calculated by

1 o0
E(X)= — — —x/2 n/2—1d - n.
(X) 2772T (n]2) /0 xe */x x =n

& In fact, X has a stochastic representation
XL 724 . 4272 where Zy,...,Z, are i.i.d. follow N(0,1).

{ Itis easy to find E(X) = E(Z2)+ ...+ E(Z2) = n as
E(Z?)=1.
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2. Hsu's Philosophy to My Work

2.1. Stochastic representation method

Example 2: Mixed moments of uniform distribution on the
unit sphere surface in R".

Let u(™ = (Uy,...,U,)7 be the random vector uniformly
distributed on the unit sphere in R". We are requested to calculate
the mixed moment E([];_; U["). Denote the unit sphere surface in
R" by

S,,:{x:(xl,...,x,,)T: xeR" x"Tx=1%L (4)

The surface area of S, is 21"/2/T(n/2). Hence the pdf of
ul” ~ U(S,) is given by

M(n/2 n
fu(n) (U, ... up) = 2(7r’{/2) : Is,,(u( ))7
b T(n/2) =
E U’ = 7 dS,.
(H ] ) 27_‘_,,/2 S,, H ul
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2. Hsu's Philosophy to My Work

2.1. Stochastic representation method

Example 2: continuity

This integral on unit sphere surface S, is not so easy to
evaluate.

Let z=(Z1,...,2Z,)" ~ N,(0,1,). It can be verified from
Fang, Kotz and Ng (1990) that

z=z|,-

< 2], - u, (5)

12=2"z~ X%n)' and ||z||, is

[Iz]l, Hz

where the Ly-norm is used and ||z

independent of u(". Hence

e(T12) - edalp - (T 7). r—Zr, (6)
i=1 j

i=1
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2. Hsu's Philosophy to My Work

2.1. Stochastic representation method

Example 2: continuity The moments of the standard
univariate normal distribution and chi-square distribution are
well-known and from (5)(6) we have

1 o) if r; = 2¢; are even,
(n/2)l4 L A i=1,...,n,r=2¢

1

(ITv) - )

if at least one of

0, the r; is odd,

where xI1 = x(x +1)- - (x +£ 1), £ =37, £:.

Kai-Tai Fang What | learnt from P.L. Hsu



2. Hsu's Philosophy to My Work

2.1. Stochastic representation method

Example 3: Spherical distributions

{» The spherical distribution can be defined by many ways.
One way is to use its characteristic function. A n x 1 random
vector x is said to have an spherical distribution if its characteristic
function is of the form ¢(t"t).

& Another definition is by the stochastic representation
method:

Let u(™ be uniformly distributed on the unit sphere in R" and
R be a non-negative random variable and is independent of u(").
The distribution of

x < Rul" (8)

is called a spherical distribution. If R ~ x,, the corresponding
x ~ Np(0,X).



2. Hsu's Philosophy to My Work

Example 3: Spherical distributions, continuity

¢ It can be shown that these two definition are equivalent.
But the latter can easily obtain many properties of the spherical
distribution.

{ Let P be an orthogonal matrix. The invariance of the
distribution of x under any orthogonal transformation can be seen
that

Px £ PRu( = RPu(™ £ Ru(" £ x.

{ By theory of the maximal invariant under a group, it is
true that the c.f. of a spherical distribution should has of the form
#(t"t) and the distribution has of the form F(x‘x).

& From (7) and (8) We can easily to find the mixed moment

E(II x) = E(RHE(T up),
i=1 i=1



2.1. Stochastic representation method

Example 3: Spherical distributions, continuity

& If we regard components Xi, ..., X, to be a sample, they
have the identical distribution, but they are not in general
independent.

O Let 7(x) = 7(X1, ..., Xp) be a statistic, It is difficult to
find the distribution of 7(x) directly. If we can change R in (8), a
special R* ~ x, can instead of R, we can find the distribution of

spherical under the normality.
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2. Hsu's Philosophy to My Work

2.2. Some properties on d operator
O Letx 2 y and hj(-) for j =1,..., m be measurable
functions. Then

(h1(X), - -, hn(%)) Z (hi(Y). - -, hn(Y)).

¢ Let random variable Z be independent of X and Y,
respectively. Then (i) X 4y implies ZX 4 VA

(ii) If Pr(X >0) =Pr(Y >0) =Pr(Z > 0) =1 and the cf of
log Z satisfies p,,_,(t) # 0 for almost all ¢, then ZX 4 zy implies
x2y,

(iii) If Pr(Z > 0) = 1 and the cf of log Z satisfies y,,_,(t) # 0
for almost all t, then ZX 2 ZY implies X 2 Y.
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2. Hsu's Philosophy to My Work

2.2. Some properties on 4 operator

For proving the above properties we need Hsu's paper.

Definition: We say that a c.f. belong to the class (U) if it can
equal another c.f. in the neighborhood of zero without equalling
identically. A c.f. is said to belong to (U) if it does not belong to
(V).

{ Essen (1945) proved that if the distribution has finite
moments and is uniquely determined by these moments, it belong
to (U);

¢  Zygmund (1951) pointed out some sufficient condition for
belonging (U);

¢ Hsu (1954) reviewed the known examples of c.f.’s in (U)
and gave new examples and theorems.
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2.3. Hsu's Contributions Appeared in My work

[2] Fang, K. T. and Zhang, Y. T. (1990), Generalized
Multivariate Analysis Science Press and Springer-Verlag, Beijing
and Berlin. Cited by 308 - Related articles Feb. 2010

[3] Fang, K. T., Kotz, S., and Ng, K. W. (1990), Symmetric
Multivariate and Related Distributions, Chapman and Hall Ltd.,
London and New York. Cited by 830 - Related articles Feb. 2010

[4] Fang, K. T. and Anderson, T. W. (eds) (1990), Statistical
Inference in Elliptically Contoured and Related Distributions,
Allenton Press Inc., New York. Cited by 118 - Related articles Feb.
2010

These three books published 20 years now.
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Prof. T.W. Anderson’s Tribute

Dear Kai-Tai:

| want to congratulate you on your upcoming 65th Birthday.
There has been a big poster in Sequoia Hall with the
announcement of the celebration in Hong Kong next month. Of
course, | was aware earlier of the occasion.

You and | have enjoyed a long period of cooperation in
research, writing, and editing. | remember you coming here almost
a quarter of a century ago to renew your academic career; | was
glad to help you in that respect. Our collaboration over the
ensueing years has been very productive and satisfying for me.
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Prof. T.W. Anderson’s Tribute

You have had a very impressive and useful career. Your energy
and initiative and accomplishments have been outstanding. It has
been a pleasure to collaborate with you.

Incidentally, we have more in common - the birthday of June 5.

With warm regards,

Ted
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Hsu's Contributions Appeared in My work

# BIMS#=ASA Fellow, £E /48 E# K KFFREHIE,
BERME—FONE, ARGEILE( KDEFER — k£
FHAGKFY , 2007, & B HHp F48)F BB KT HAK
FRiFegse Xt & — 8%

XL TS, FREST,
AR, BFEHITRE
FARE L, ALAFEE,
Githd 2, EATHFT
FETCFE, SHFLH

L mE—av, "$R KL, "HFHFE
B "R EAER, "R TR, AREATZAF KAEZ
Fo BRFZRABKTAEREAFAARERITRE, ENFY
MRIMEF, REATHRIST3E, BNAFETOHE, HER
WX E, T aghAllerton Press 3 pr 4k i JA.



Conclusion

THANK YOU!
Kai-Tai Fang: Email: ktfang@uic.edu.hk
Beijing Normal University and Hong Kong Baptist University
United International College (UIC), Zhuhai, China

and
Chinese Academy of Sciences, Beijing
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